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Abstract

Proportional reasoning the ability to compareatios or theability to make statements of
equality betweerratios. Piaget considersthe ability toreason proportionally to be a primary
indicator of formal operationahought,and this stage is viewed #® highestevel of cognitive
development. Proportional reasoning is taught primarilymathematicscourses,but student
success in secondary science is highly dependent on proportional reasoning ability.

The focus of this study was toompare traditional mathnstruction to instructiorthat is
consistent withthe Modeling Method of teachinghysics andinstructional suggestions from
proportional reasoning research. Part | is the empirical study. Parh#aeeticalbackground and
justification for methods used.

l. PIAGET'S WORK

Although Piaget’s work was conducted over thirty yesge, from it, fruitful research has
beenconducted, awakening seriousplicationsfor math and science education refortmrough
curriculumdesign. In order to understantd implications, a brief review of Piagetigork and
related literature is necessary.

Piaget describethe developingintellect through a series of stage€hildren seem to
progress verysystematicallythrough Piaget's sensomotor and operationatages to what is
known asconcrete thoughtThe transition tdormal thoughtwas believed by Piaget to behieved
during early adolescenc@dRaven, 1973)Formal thought is considered to be the highest stage of
intellectual development. Lawson (1975, p. 348) describes it as a stage where “meaning is given to
these (formal) concepts not throutiie senseshut through imagination, or througheir logical
relationships within theystem.”Driver (1978) furtherclarifies this stage by indicatintpat it is
completely free otontext. Contrary to Piaget’'s belief, Kolodity (1977) stdated a majority of
collegefreshmen do not function at thisvel and Lawson (1975gites that40%-75% of post-
secondary students do not operate at Piaget’s formal level.

Driver (1978) suggests alsthat the transition into the formal stage nst clear-cut.
Identification is task dependent and there is a range of variability as levéhef operatiorfor an
age group. This is evident guantitative researclvhere definitions of transitional stages between
concrete and formal operational levels were identified (Lawson, 1975). Bliss (1995) seems to think
that Piaget may have turned formal operational thought into a “false God”(p.151). Bliss (1995) and
Driver (1978) continue to cite problems with Piaget’'s theorthat the clinical method that Piaget
used togeneratehis theory is nogjuantitative and the formal aspects of the theory areleatly
defined. Many of these arguments stem from the fact that Piaget’s theory is philosophical in nature
rather than scientific.

This, however, doesot mean thatPiaget’'s theory should bgnored. Rather, serious
considerations should bmade before putting it into educational practice, especialliien
consideringthe transitionfrom concrete to formathought. Arguments against Piaget's theory
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concerning these levels have generated resdbatlsupports broadeimmplications of Piaget’s
cognitive theory in addition to providingseful information tceducatorsDoyle (1978) states it
best, sayinghatresearch carell us how welearn but nothow to teach. ThusPiaget'swork
should not be the only factor in determining educational goals. It should simply serve as a guide.

The literaturesuggestghat scienceand math curricula may be enhanced in a variety of
ways. Taylor (1996) suggesttghat a curriculumwould be more productive if teachingoals,
pedagogy, and evaluation were unified under one theory. Her conclusiat Bsaget’'s theory is
the most comprehensive theompat can achieve a fully developmentairriculum. Ideally,
education would want to do as Rayd®73, 1977) suggestsidividually diagnosehe existence
of logical operations and then provide individual instructional approachede&bwith the
acquisition difficulties. This seems to be a cas¢heideal, and educatoface manyissuesthat
make this solution seemingly impossible. Lawson (1975,1976) proviaeseapractical approach
in suggestinghat elementanand junior highmath and science curricula providgudents with
more hands-onexperiences and concregoblems, ensuringhat more studentsentering the
secondarylevel areprepared forformal thinking. He also suggesthat these experiences and
problems should be considered witie developmental level of tHearners inmind. Lawson
(1976) andDoyle (1978) contend that the curriculurehould contain a wealth of materials,
resourcesand activitiedor the students in a sequendtleat progresses fronthe concrete to the
abstract. Doyle further elaborates by stating:

“a limited number of basic concepshould be studied frordifferent perspectives and
throughout numerous intensive experiences. These expersmmelsl becenteredaround
manipulative activities that are relevant sbudents whoare at different levels of
development. Introductory courses showthphasize the development of scientific
knowledge rather than survey an array of facts and abstract models” (Doyle, 1978, p. 479).

A curricular commitment to the literatusaiggestions wouldertainly be theirst step in
fostering students'development to formathought, but there are manguggestions from the
literature concerning classroom practice as well. Almost all of the literature suigestss to the
teacher’s benefit tase Piagetiantasks orother measures to identifgach student’s cognitive
abilities. Taylor(1996) suggestthat this should be seen as a way help students ortheir
progression towarfbrmal operationsMonk (1995) further supports thidea bysuggestinghat
students must be provided withe opportunity to pass through stages of development. Lawson
(1975) contendshat manyconcepts in theecondary science curriculuane formal in nature and
courses should btught at the concrete and formal levels to identifadlents. Lawson does
indicate that identificatiomas itsdrawbacksmainly because instructiamust lurestudents to the
formal level and strictly concrete instruction may stitkevelopment. Herron (1975) isore
optimistic in stating thatinderstandingan be achievetbr many concepts by concrestudents,
and ways exist to make many of these abstract concepts concrete in nature.

The literature agrees that the classroom must be hands-on and experiential in nature in order
to meet theneeds of avariety of different levels of cognitive developmeRbr some educators,
hands-on is equivalent to rolling out the ball in physical educalfibere is a vital componetiiat
makes thesehands-onexperiences a true pathway to a higher operatitenal. The vital
component iscommunication Taylor (1996) emphasizes that communication betwestndents
develops perspective. Durirsgudents’ dialogue, conflic@arise, in which students must confront
the limitations of their understanding to resolve these conflitgsron (1975) extends thidea to
cognitive stages by implyinghat student discoursejustification of claims, and emphasis on
making sense of observed phenomena lead to formal thought.

Although Bliss (1995) argueagainst the concept of attaining formal thought in Piaget's
sense, she doe®ntend that there is justificatidar Piaget’'s theory withmentalmodels. Mental
models are an extension of concrete reasoning. These mental models areositsdtyr thinking,
providing examples and counter examples from wimielv mentalframes of reference can be
achieved. She contends that Piaget is spedhmgame language simgdlpm anepistemological
point of view. Bliss (1995) cites work that suggests a fundamental ontological space where objects
and events can be placed for evaluatigliss (1995) seementalmodels as a way afonstructing
understanding througbrganization anduse of mentaltools for thought. Thesmentaltools are



analogous to concretexperiences at the formbdvel. Theidea of models may be aexplanation

for the discrepanciesvith Piaget's formalstage. Sub-stages may be levels of development where
modelsare not fully developed, missing, a@onnections between modeise absent. Further
research onmental models could providenew insights forthe best approaches toontent
considered formal in nature, like proportional reasoning.

A final concernfor classroomimplications suggested byhe literature is the role of the
instructor. Most othe literaturerefers tothe instructor as a coach ogaide, helping the student
achieve higher levels afevelopment. Anothesuggestion fronDriver (1978) isthat instructors
mustbecome theiown diagnosticiansDriver contendshat it is theinstructor’'s responsibility to
be aware of problems in specific content areas, understand the possible interptettsindents
may have, and prescribe the appropriate treatments.

[I. MODELING INSTRUCTION

The Modeling Method ofnstruction in physics is a constructivist approach to physics
instruction that incorporates the consideratiomiscussedabove for development of formal
operational thinking. The Modeling Method was develope®hbyMalcolm Wells (now deceased)
at Marcos De NizaHigh School in Tempe, Arizona, frorthe modeling theory ofhysics
instruction of Dr. David Hestenes at Arizona State University (Hestenes, 1987).biedrasighly
successful incorrecting misconceptions istudents’ thought with concepts in physibat are
considered to be formal in natuié@/ells, Hestenes, & Swackhamer, 1995he method requires
students to confront misconceptions in their thinking by employing conceptuathabknable the
student to identify better alternativesukes aconstructivist approach to develop qualitative and
guantitative thinkingools (models)and it makes extensivese of studentliscourse.Modeling
Instruction is aninteractive engagement methdtlake, 1998a)with an explicit focus on
developing conceptual anshathematicalmodels of physical phenomena.ldarned Modeling
Instruction in a three-week intensive workshop in summer 1999.

The following description ofModeling Instructioraddressesognitive foundations of the
method,the role ofdiscourse in modeling, and iisplicationsfor teaching.The information for
the summary was obtained from transcripts of a series of lectures gii&n Bigstenegonline at
<http://modeling.asu.edu/>).

The cognitivefoundations ofModeling Instructiorare based primarily on trying tonake
sense of our experiences. Thignkerent in humamature. Hestenemdicates that peoplenake
sense okxperiences by constructimyentalmodels.These models are developed by recognizing
patterns in one’s experience and are captured by formulating representatiooseoéxperiences.
The recognition of patterns is directly related to formulation of analogies that ilre&diio models
representing structure in a systempoocess. Hestenes discustiest analogies amesources for
domainsthat are familiarbut they caralso beapplicable todomainsthat arenot familiar. He
indicates that the ability to magiructures from one domain to another is analogous to Piaget's
schemata.

Hestenes describdisree ways of applying theuse of analogiesThe first is identifying
analogies between differerstystems. The second is transferringhe structure (model) into
meaningful representations: diagrams, equations, and graphndlhaspectconsists of drawing
analogies between theoreticeimains. He notethat analogies ameot provided forus. Instead,
they are developeflom recognition of patternsnplicit in nature. Hisinterpretation of cognitive
processes primarily accounts for the constructing of modelthensearcHor similarities between
those structures.

Hestenesindicates that thesenental structures or modelsire essentiafor evaluating
experiences. The goal of Modeling Instruction israke thesestructures (models) apparent to the
student and then develop the models through actively engagdigcimurse Quality discourse can
only be achieved ifstudentsare placed in situationgshere communication of models and
evaluation of models are routine classroom practice. The key to effectively communicating models
for evaluation lies irsharedmeaning within thelassroom communitylThe Modeling Method of
instruction uses whiteboarding as the platform for classroom discourse.



The effect of evaluating and justifying claimeated toone’s experiences is compounded
by centering the Modeling Methatound a constructivist approach. Hestenes arthatshis is
the key to conceptuahange. Amodeling approach placesudents in situations whetkey can
recognize a better alternative for their explanations through use of models. It is not necesfary to
them that there is a better alternative. If they are given approfo@ite they will recognize an
alternative thatyields conceptualunderstanding.The tools are specificskills related to the
construction ofmodels. The role of the instructor is primariljocused on developing tools
necessary forthe creation of modelghat describe, explain, predict, andontrol physical
phenomena. Once models are developed, the instructor sgaksdstudents in situations where
recognition of patterns emerges throwugplication of model(s) in a wide variety situations.
Hestenes argues that this process develops higihtyional members of societyho are capable
of formulating theirown judgments and evaluating evidenti®at supportstheir claims. He
contends that this is applicable not only in physics, balliaspects of becoming a well-informed
member of society.

lIl. TEACHING PROPORTIONAL REASONING

Piaget's concept of formal operational thought is often associatedowdls ability to
reason proportionallyBar, 1987;Tourniaire & Pulos, 1985).“The attainment ofproportional
reasoning is considered a milestonestindents’cognitive development” (Cramer &ost, 1993,
p.404). The importance of this statement can be justified with proportional reasoning’s association
to Piaget’s formal operational stagetbbught.Many researchers in Piagetian and neo-Piagetian
research use taskisat require thause ofratio andproportion to identifythe formal operational
stage (Roth & Milkent,1991). Proportional reasoning is the ability to compare ratios aeke a
statement of equality between two rat{Bsr, 1987, Tourniaire &Pulos, 1985)Piaget described
the development of proportionedasoning in threstages. First, studentse not aware ofatio
dependence and seek solutiongjogssing. Second, studeri® aware of objectivdependence.
Students seek solutions Iegtimation andater calculation, but assumghat the change in one
guantity producesthe same change in the othguwantity. Inthe final stage,proportionality is
discovered and applied to obtain corractutions (Vollrath,1986). A literature review by
Tourniaire andPolos (1985) suggesthat proportional reasoning is much more comptlean
Piaget thought. There are many cognitive and developmental factors affectaiglitheo reason
proportionally.

A. Cognitive and developmental factors affecting proportional reasoning

A study by Moore, Dixon, and Haines (1991) distinguishedween intuitive and
computational formateasoningabilities with proportional reasoningasks. The design of their
study allowed them taestablish fuzzyboundaries.These fuzzy boundariedentified degrees of
membership to proportional reasoning while allowiftg individual differences and a more
appropriate description of the developmers@tjuenceTheir findings were not consistent with
Inhelder and Piaget’s conclusitimat proportional reasoning naturaléyises from fully developed
intuitive proportionalreasoning. In additionthe results are inconsistentvith a single path of
development, which is oftethe focus of cognitive developmentesearch. This suggestisat
distinct categories are not necessarily incorrect, but further clarification of an individual's degree of
membership within the fuzzypoundaries of proportional reasoningay be helpful in its
development. If this approach identifiethe possible alternative pathways for achieving
proportional reasoning and accurately identifies students’ degrees of membership, further research
could produce information on appropriate educational treatments. Suctesdfukents could then
be applied to makadjustments in pedagogy and curriculum desingt facilitate development of
proportional reasoning.

In addition to clarifying developmental aspects of proportisrakoningmany variables
affect ability to reason proportionally. M-capacity, Field dependence-independ&ii¢, and
short-term storage space are terfos abilities associatedvith cognitive ability and formal
operationakhought.M-capacity is related to theumber of schemebat can be evaluated at one



time, while FDI is associated witthe susceptibility to misleading information and choice of
strategy. Tourniaire and Pulos (1985) sugdfest there areelationships betweekl-capacity and
ability to reason proportionally fospecific types of proportiorproblems. They alsocite a
relationship between success on proportional reasoning taskeldnddependensubjects Niaz
(1989) found a strong correlation between FDI and proportional reasoning and corichidesd
dependent studentspable ofreasoning proportionally could be misled algering field factors.
Roth and Milkant (1991) suggestthat FDI and M-capacity become insignificanivhen
developmental level is considered. Although their data did not significantly demotisitateort-
term storage space is a contributifector, it could be hypothesized from thdindings. They
suggestthat lack of short-term storage space could be an indicator of student difficulty with
developmental taskstruction. Amore completeunderstanding of these factors coulddd to
curriculum design that helps tailor instruction in proportional reasoning to the individual learner.
Another cognitive factor affecting proportional reasoning is prefrontal lobe actwitgn
et. al. (2000) foundhat factors associated with prefrontal lobetivity such agnhibiting ability,
planning ability, disembedding ability, and mental capacity, all correlate significantly with ability to
reason proportionallyTheir findings suggestthat maturing prefrontalobes play a role in
proportional reasoning ability and can teed topredictresponsiveness to instruction focused on
improving proportionateasoning.Their suggestion ishat proportional reasoning instructiomill
be most effective if it occurs after the plateau period of brain maturation. This cosighybert for
Tourniaire and Polos’s (1985) findings that proportional reasoning increases dramaticadlgevith
These ideas indicate that the developmental level of the lesdroeld be considered whemaking
decisions concerning introduction and sequence of proportional reasoning thighgthool
curriculum.

B. Contextual factors affecting proportional reasoning

In addition to cognitive and developmen@$pects,many task-related factoraffect
proportionalreasoning.Heller etal. (1989)indicate thatfactors such agroblem format, the
particular numbers used in problemspblem context, andven theproblem(s) preceding task,
influence proportionateasoning. Problerontextseems to be #bcal pointfor a majority of the
primary research in proportional reasoning.

Contextual factors are inherent to the variety tagks associated with proportional
reasoning. Heller et al. (1989) organize contextual factors into two catedtmedgst category is
problem setting, which includes objects in the problem, the variables used to describe the objects in
the problem, and the units of measurement for each variable. Problem setting is aadegbyized
as either familiar or unfamiliar depending on student experience. The second categorytypeatio
Anamauah-Mensah al. (1987)and Vollrath (1986) distinguistbetween direct ratio anihdirect
ratio type problems, although direct ratio aspects seem to predominate the literature (1298yn
used four categories to describe direct ratio fypblems.These categories include well-chunked
measures, part-part-whole, associated seis,stretchers anghrinkers.These ratidypescan be
further classified as integer and non-intetygres. The following literature presentshe complex
nature of these variables and their effects on proportional reasoning.

Lawton (1993) suggestthat problemsetting, the presence of discrete @ontinuous
guantities, and familiarity with the content are factors responfableariability in performance on
proportional reasoning tasks. Lawton states that “understanding of proportion conoelpts/ety
fragile and easily influenced by structural variations in the problgm?60). Lawton’s study
focused on the degree of similarity between objects in proportional reasoning tasks and whether or
not the degree of similarity influenced thse of proportionateasoning. She fountthat the more
distinct the items are from each other, the more readily subjects used proportional reasoning.

Saunders and Jusenathadas (1@88pucted research to identifysfudents’ proportional
reasoningabilities generalizacrosssubject-mattedomains.They found that everwhen students
possesgroportional reasoning abilities, theye unable to apply these strategies to unfamiliar
content like abstract science concepts. They did conketdhesdindings arelesssignificant for
simpletasksrather than more complgxoblems. Singh (2000) fourslmilar results with high
achievingstudents omationalexams. Singh founthat high testscores were nandicative of



students’ proportional reasoning knowledge and skiflen solvingcomplex and unfamiliar
proportional reasonintasks.This wastrue evenwhen tasks were withithe student’'szone of
potential construction.

Heller etal. (1989)investigated ratio type and problem setting along with facioch as
rational numberskills, qualitative directionalreasoning,and numerical proportionakeasoning.
They found that ratio type influencetioth familiar and unfamiliartasks, although the effect was
more significantfor the unfamiliar. Unfamiliar settings proved to be much more difficult,
especially with complex ratio types. There was also a significant effect edmegparing familiar to
unfamiliar settings.Heller etal. alsoconcluded that directionalkasoning is helpful but not
necessary for success on proportional reasaaisks.Heller etal. recognized thathis effect is
more than likely due to these of amemorizedalgorithm.The relationship between proportional
reasoning andational numbeskills is different tharexpected because rational numbkills are
not necessary for success on proportional reasoning skillselpassure proportional reasoning
success.

Bar (1987)investigated ratio concepts iwo domains.The researcltprovided interesting
findings on the types of ratios used and the role of variablégiproblemsetting. Bar foundhat
as studentsnove from simple to more complex ratigpes, the number of correctesponses
decreases. Bar alsmoncluded that the same ratio typemblems were more difficulfor the
students than direct or inverse ratio problems due focampleteunderstanding ofhe variables.
The effect of variable understanding was a contributing factor in one tdgke in whichthe role
of one variablewas completelyunderstood andhe other variablavas ignored, thugeading to
incorrect responses even when it was established that the reasoning required was present in another
task. Bar suggestghat differences in fieldeffects, discreetversus continuous quantities, and
familiarity with the content are factotbat can contribute to thindings. Bar concludedhat in
order for a transfer toccur acrosssubjectmatterdomains, aperceptual analogy between the
domains must be present.

Moore, Dixon, and Hanes (1991) cite literature indicating that problems involving the same
mathematical processes cary greatly indifficulty. Reversing tasks proved to beore difficult
for students and problems involving unknown final states were easier than those irthe/Hinhl
states weragiven. In additionmultiplication and division operations were more difficutian
addition and subtraction, especially for tasks involving non-integer numbers.

Bar (1987) andAnamuah-Mensa(1987) indicate that the direct ratio more closely
resembledamiliar situations and its understanding precetted of theinverse ratio.Vollrath
(1986) contends that students tend to assume direct proportionality and have difficulty overcoming
this assumption when asked meake predictions on proportional reasoning taskat do not
represent direct relationships betweariables. This could bevidencefor why studentshave
problems with reasoning taskbat requireboth direct and indirect proportionaleasoning.
Anamuah-Mensal{1887) attempted to identifyreasoning pathways fodirect proportionality,
indirect proportionality, and prerequisite concefds students who useproportional reasoning
with and without understandingAnamuah-Mensahfound that inverse proportionality was
necessary for solving tasks requiritige use of prerequisite concepts and involving direct and
indirect proportional reasoning. Students with inverse proportionality skills aideeto recognize
structural relations necessafpr determining solutions, while those who lacked inverse
proportionality skills did not. Subjects who did not use proportional reasoning with understanding
becameconfused whemttempting to determinehether direct or indirect proportione¢asoning
was applicable to the variables in the problem.

C. Diagnosis of cognitive processes

The literaturesuggeststhat manycognitive, developmental, ancbntextual factors are
involved in attainment ofproportionalreasoning. Educators' awarenessheke factors could be
the impetudor change irhow development of proportional reasoning is approached throughout
the education of atudent.Cognitive and developmental facta@isoulddrive the introduction and
progression of proportional reasoning instructiarnile the concept is developetirough a
systematiqorogression otontextualaspectsThe proposition of semi-dense tetms may be a



diagnostic tool to help educatoevaluate the cognitivgorocesses involved in proportional
reasoning. Behr & Lesh (1994ijte literature thasuggestscognitive diagnosis is necessary for
the prescription of effective instruction mathematics”(p.1)The concept of a semi-dengem
centers aroundxact interpretation of therrors studentsnake when they respond todiagnostic
items. This stems fromdentifying the sequence of cognitive operatidhat produce item
responses (Behr & Lesh, 1998ehr and Leslindicate that items areemi-dense if at least one
cognitive operation can be identififcdbm a response.eachresponsecan be interpreted by a
specified cognitiveoperation,the cognitive operations discriminate onesponse fromother
responsesand every cognitive rule interprets at least oegponse tdhe item. Behr and Lesh
suggesthat theseconditions aradeal for items but there magnly be a fewitems that meet the
suggested criteria. Their suggestion is that items shoakt asnany criteria agpossible toaid in
diagnosis for aparticular task. This type of diagnostic evaluation could help establish a
developmentally appropriate sequence tatks that facilitate development oproportional
reasoning.

D. Proportional reasoning and instructional obstacles

Traditional mathematics instruction seems to contradict a universal awarertessaftors
affecting proportional reasoning. Proportional reasoning implies that it is a reasoning tettmatique
should be used to evaluate proportionality concepts. Traditional math instruction séssave tout
the reasoning part othe equation. Guckin and Morrison (199ihdicate that traditional math
instruction emphasizes routine algorithmic problem solving rather than development of a reasoning
strategy.Their interviews withcollege freshman support this statemeltost collegefreshmen
indicated the importance of mathematics, although their interpretation of mathematics was limited to
a collection offormulas and algorithmiprocedureghat are memorized to obta@mswers.These
students expected to be shown an algorithatwas to bepracticed and memorized. Nig¥989)
contendsthat since thdocus of mathinstruction is on manipulativekills, many students can
manipulate equations and pass exams, yet they cannot comprehend real-world grebldays.
Epstein(1998) claims that manyeducators are not awateat studentstend to loseall sense of
understanding and meaning nmathematicsduring elementaryschool. Thisproblem more than
likely compounds as studenase forced tocomplete a math curriculuwith the characteristics
described above. Heller et al. (1989) argue thatdelsatable if traditional matimstruction would
ever be able to prepare students to transfah skills to unfamiliar contexts like those associated
with science.

Instructional problemsare not only attributed to mathematicsinstruction. Science
instruction also is at fault ithe difficulty of students’ understanding of proportiomakhsoning.
Harriet andwWallace(1999b) studiedsocio-cultural factors affectingse of proportional reasoning
on physics tasksThey found that students were not only unawatteat proportional reasoning
could be used to solve physics tasks, but that they did notthieewoncept of ratios as a problem
solving tool. The studentselieved that theravere specifiedvays to solve physics tasksdthat
they wereexpected to conform tthose methodsHarriet andWallacealso foundthat students
indicated that physics textbooks and instructors did not encoussmgef ratios or proportions and
texts simply provided formulas that were to be memorized. This caused studeetsagihough
proportional reasoning was a last redort.

Harriet andWallace (1999a)completed comprehensive research stmdents’ problems,
difficulties, and understanding of mathematical proportional reasoning in physics. The outcomes of

® Harriet and Wallace indicated that students had problems understanding the given tasks and the lack of understanding
words, terms, units, and concepts created fear and tension, subsequently causing students to lose confidence and
discouraging them from further attempts at finding a solution. Other factors contributing to students’ lack of success
were poor student understanding of physics concepts and measuring devices required to complete the problems. The
students associated this with lack of questioning during physics instruction. They believed that society did not
encourage students to ask questions. They felt that their role was to be seen rather than heard during classroom
instruction.



their study indicate that students employ algorithms that they can not explain and consistently have
difficulty translatingphysics tasksnto equations, symbolsand relationshipsTheir conclusion
was that students did nobave adequatenderstanding ofhe mathematicgbrocesses to perform
well on physics tasks involving proportional reasoning. Students were not thaigyeoportional
reasoning patterns wesapposed to beneaningful orunderstood. In additiorthey frequently
exhibited problems witlphysics content, language, amderpretation of unfamiliaproblems.
Harriet andWallace indicate aeedfor students to baware of the meaning behind proportional
reasoning patterns and how thee derived.They also conclud#éatfuture success iEmited by
the absence of cognitive structure alomigh proportional reasoningkill. They suggestthat
physics instruction should focus tire use ofmathematicalanguage, problem solvingtrategy,
and thelanguage, symbolgnd statementhat students use to represent phydiasks. Finally,
Harriet and Wallace suggest that “students must move beyond rulesliteldeexpressscientific
ideas and information in the language of mathemafjgs’38). Their consensus ithat if attention

is paid to these problems and incorporated pitgsics instructionthen mathematicand physics
learning can be strengthened.

Another area that Aldridge (1994) contends is essential for the developnmesithefmatical
and scientific reasoning igse of symbols. He argudbat students do not understaridese
distinctions and that NCTM standards do not give adequate attention to this issue. The final aspects
that Aldridge associates with lack of mathematical and scientific understanding predbsses of
induction and logical deduction. Lack of attention to thesaescan be attributed to memorization
of prescribed formulas in physics andagorithmic approach to teaching mathematics. Aldridge
arguesthat mathand science instruction is attempting @ake thesubjects more relevant to
motivate students, although, the power of sudden insightlesd understandingre overlooked.
Aldridge contendsthat insight and understandingre much morepowerful experiences for
sustained efforts to learn more.

E. Proportional reasoning and science

Heller et al. (1989) point out that proportionality is one of the most ancient and fundamental
connections between math and science. The extensiveness of proportionality in scientific principles
indicates that a deebust understanding gfroportionality is necessarfpr students tomake
sense of many scientific principles (Aldridge,1994). The profoundnethesé statements implies
that development of proportional reasoning is crucial to student success in science.

Krajcik and Haney(1987)cite literaturesuggestinghat many of the abstracbncepts in
chemistry require formal thinking but there is evideslsewingthat students whdake chemistry
are operating at various stages of cognitive development. Many of these students are at the concrete
operational or a transitional stage to forntainking. Lawson (1975) foundhat concrete
operationalstudentsare unable to develop amderstanding of formatoncepts,ndicating that
understanding of chemistry conceptsy be inhibited by lack oproportional reasoningkill.

Krajcik and Haney analyzed the American Chemical Society Exarfoand that over 50% of the
test involves tasks requiring proportional reasoning. This implieptbportional reasoning is the
primary reasoning construct required for success in chemastdcomplete development ¢sucial
for achieving understanding of the many formal concepts associated with the content.

Akatugba andwallace (1999) contend thatalmost every concept inphysicsrequires a
proficient understanding of proportionatasoning,and students whaare not capablewill have
difficulty mastering theseonceptsLawson and Renner (1975) alaesociate this problem with
biology concepts. Although primary reseamas not obtained associating proportional reasoning
with success in these disciplines, it can be hypothesized from the chemisthatiaimilarresults
would be obtained by analyzing physics and biology aptitude measures.

F. Instructional implications

Considering all of the variables affecting proportiomsoningjts relationship to formal
operationakhinking, and necessity facientific understandingit is crucial for math and science
educators to beware ofinstructional implicationssuggested byhe research.Such awareness
should lead to improved instruction and serve as an impetus for curriculum ré&fthomts in these



areas could leadtudents down a pathwadlat fostersformal operationathinking, which will
eventually producestudentsthat are moreprepared to handle the formal concefitat are so
prevalent in secondary science courses.

Tourniaire and Pulos (1985) indicate that proportional reasoning is not a wautestyuct,
and thereforethat a linear teachingequence is not adequdta this multi-facetedreasoning
strategy. They argue that different instructional approaches magdessary fodifferent context
variables and number structures, in addition to considering cognitive atitityg andsequence.
Singh (2000) identifie;ssessmerds one of the major factodsscouraging an outlook similar to
that suggested bylourniaire andPolos. Singhbelieves thatschoolsplace more emphasis on
manipulativeskills and memorized procedurasther than reasoning because a narrgange of
skills are typically assessedThis approach raises testores buleavesstudents with islands of
superficial knowledge blindinthemfrom seeingthe richly-interconnectedpaceshat are crucial
for mathematical knowledge and sound reasoning abilities. Singh suthgeéststruction must be
carefully varied to expose studentsalbaspects and variables involved in proportiaregsoning.

This ensureshat studentsare notleft with one particular interpretation of aspects involviago

and proportion. Instruction must lmiented tostudents’intuitive understanding of ratio and
proportion rather than solely focused manipulativeskills. Singh argueshat a manipulative
approach eliminates the possibility of students to become proportional thinkers because it is highly
dependent on memory and is subject to deterioration.

Typically a manipulative approach involves employment of an algorithm to ctaihitions
to problems. In proportional reasoning, the algorithm that is taught is the cross-multiply and divide
algorithm, or typically referred to as cross-multiplication. Farrell and Fafb885) cite literature
that suggeststeachingwhich stresse&cross-multiplication” actuallyinhibits the development of
the understanding of proportion(p.517). Akatugba andWallace (1999) recognize thatthis
algorithmic approactiocuses on &skill to be mastered rather than treatipgportions as a
reasoning construct. They cite literature indicating that students can mimic these procedures but the
absence of an underlying cognitive structiimats future success and understandifidpey argue
that students must be aware of proportional reasoning patterns and undéstatite relations
are derived inorder to move beyond rules amulocedures. This in turn allows students to
understand and express informatiortha language of mathematidhis supportsSaunders' and
Jesunathadas' (1988peculation that the algorithmapproach is the contributing factor for
students’ lack of success when applying proportional reasoning to unfamiliar content.

Evidence against an algorithmic approackupported in a study by Moore, Dixon, and
Haines (1991).They found that mapping relationgrom one domain onto another requires
understanding of how variables function andrdauitive understanding othe computationaask.

If intuitive understanding is ngiresentthen the computational schemebesed primarily on the
memory available omathematicabperationsKrajcik and Haney1987)identified a relationship
between cognitive development, memorization, and proportional reas@asikgassociated with
chemistry. They foundhat non-formal operationadtudentgypically try to memorizeprocedures,

often becoming confused due to the absence of a proportional reasoning strategy. This in turn leads
to a lack of success on proportional reasoning tasks that are prevalent in chemistry courses.

Roth andMilkent (1991) suggesthat scienceand math educators shouldttempt todevelop a
curriculum that matcheshort-term storage space capabilities to the storage space demands of
proportional reasoningasks. This would aid in diagnosing transfer of proportional reasoning
schema to new situations, as tasks become more complex through a range of problem contexts.

The literature concerning an algorithmic approach and its failure to develop proportionality
as a reasoning strategy seems to suggest that math and science disciplines are highly dependant on
one anotherfor comprehensivedevelopment of this formal reasonirgpnstruct. Unification
between these two disciplines codédtilitate transferability of this formal cognitivprocess to the
unfamiliar domains encountered $tience.Akatugba andwWallace (1999) call for an integrated
perspective that focuses on how students devbBpbility toreason aboutomplex proportional
reasoning situationg.hey suggestthat aconstructivist approach to teaching proportionality can
facilitate development obtudents’ proportional reasonirgkills, thus strengthening theébond
between math and science. Akatugba and Wallace view constructivism as insthattiakes into



consideration whathe student alreadynows and emphasizes the active, constructive role of the
learner in acquiringknowledge.The role of the instructorequiresthem to listen carefully to
emergence of conceptisroughthe student'svoice and requirehem to continually rethink their
own perspectives.

Epstein (1998) describes amtegrated mathand science programaimed atreversing
cognitive defects and enhancisgnse ofmeaning and understandirigrough a constructivist
approach. His methodse gearedoward developingnathematicabnd scientific ideas necessary
for developing scientific literacy through expressiorihia language of mathematit¢sis program
is based on developingnathematicalunderstanding througtdirect experience in scientific
approachesMuch like constructivism, his progranmplements a guided inquiry approattmat
never tells thestudents what tdo. The approach relies oactive participation of thatudent by
requiring them tohypothesize, allowinghem to makemistakes and seek out blind alleys of
approach, and learning from experience what approachesiezessfulThe role of the instructor
is to use re-directive strategissch as questioning ameference tabservationghat facilitate the
student's thought process, althougdver providing a corre@nswer. Instructorare patientvith
extensive wait times as well as not toleratipgpvision of answers fronother students or
themselves. This procedacilitates the inductive nature of learnirigrough trial and error,
categorization, model development, andntal imagery that isonsistent withdirect experience.
The learners in essenceme to arunderstanding whetiey can formulate a mental pictutteat
becomes a model for a solutions strategy. Througthguwhole curriculumthere is not drace of
anythingthat is easily memorizable. These instructioma&thods are coupledith a journalthat
requires the students to put their learning into tbein words.This platformserves as ool for
constant regulation and self-evaluation of the learpimgess.The progranproduced astonishing
improvement in mathematical and scientific reasoning as well as attributed to greater success in first
year chemistry courses.

Another researclstudy on constructivism and proportional reasomrag conducted by
Guckin and Morrison (1991). The study consisted of developing proportional reasoning through a
computer based micro-worldrogram. The micro-world is based on a computer languaiggat
allows students to explore conceptsrafio andproportion. Studentsleveloped proportional
reasoning skills by discovering how to function in the micro-world through the logo language. The
constructivist approach had a large effect on the experingnutap inthat all studentsreceiving
the treatmentvere successful oformal reasoningasksassociated with proportional reasoning
after treatment.

While the constructivist programgnentioned above are exemplary examples of how
constructivism can besuccessful at developingnathematicaland scientific concepts, the
commitmentand cost ofimplementingsuch programsnay be outside the means mibst public
education systems. Vollrath (1986) and Heller et al. (18&KResuggestions for improvingath
and science instruction in relation to proportional reasoning. Vollrath suggestsatimainstruction
should benitiated through scientific experiments. These experienaesuld provide for amore
constructivist approach to math concepts. These problems lead to conjectures thatvaligsttbe
through mathematical or experimentalstification. Heller etal. support thisconstructivist
suggestion seeing value in developing the mathematics to deal with situations rather than look at the
situations as an afterthought application. Hellesletllso suggeshat if a unifiedapproach is not
available, then sciencmstructors must not assunteat mathinstruction has produceéully
functional proportional thinkers. They contend that science instruction shoulddasginfocusing
on intuitive understanding otlirectional changes in proportional concepts before proceeding to
guantitativeexamples. This would also laéded by familiarizingstudents with objects and units
associated with the proportion task.

Other suggestionsrelated to mathand science instruction weréound, and these
suggestiongould easily be integrated into a constructivist approach and magdessary for a
constructivist approach to be complete. Aldridg®94) arguesthat the greatest neefdr a
unification of mathand science ifor instruction to focus omsing, distinguishing between, and
understandinghe units and symbolghat are thefoundation of themathematicallanguage.
Akatugba andWallace (1999) have similarsuggestions buinclude that a stricfocus on the
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languagestudents use when speakimgathematicallanguage is the essence of developing
meaningful problensolving, especially on science relatasks. Lawton (1993)identifies a unit
approach as being crucial to intuitivederstanding. A constructivist approach woukttainly
provide a shift in focus fothesesuggestiondecause the constructivist approdobuses on the
student's interpretation.

Other suggestions that would easily be incorporated into a constructivist approach focus on
applications of approach and shift of student focus. Cramer and Post (1993)tlaalvisstruction
in proportional reasoning shousdart withfamiliar contexts and extend to unfamiliar. They also
suggestthat teachershould begin with moreintuitive strategies anfbcus studentattention to
multiple strategiesfor any given problem. This helpsemphasize learning concepts over
procedures. Lammon (1993) suggests that instruction must focus katithas anew entity from
two distinct quantities. In addition to developing the ratio conpépt to proportionakreasoning,
Lammon points outthat problems must be organized #lmat studentscan makecomparisons.
These comparisonsould then allowstudents to focus odeveloping criteria to evaluate given
situations. Finally, Saunders and Jesunathadas (1988) stlygietbiereneeds to be a focus on
problem identification and recognition: instructiomust provide problems where students must
identify the mathematicalelationship presented by the variables and apply appropriate solution
strategies. Thessuggestionscould evolve through a constructivist approach anay be a
determining factor for developing the ability to use strategies in unfamiliar situations.

The final literaturesuggestion to improve proportional reasonaiglities thatwould be
facilitated by a constructivist approach is developirigaads-on approach, as discussed-asrell
& Farmer (1985)Krajcik & Haney(1987), Kwon et al. (2000)and Tournaire &ulos(1985).
Tournaire andPulos indicate thathands-onexperiences castrongly influence some learners
although they may not have any efféot a portion ofthe population. Kwon et alstates the
importance ofhands-onexperiences and manipulatives timat theyprovide unexpected events
triggering bursts of cognitive arousal, while Farrell and Farmer fthetdtudentsare more likely
to succeed when provided with concretands-on experienceshesereasonsould be indicative
of Krajcik and Haney’s conclusiorthat non-formal operationaktudentsbenefit from amore
concrete approach including the use of manipulatives through hands-on experiencespdts
a problem based constructivist approach that initiates inquiry through experience.
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ADDENDUM

Dr. Richard Hake read an early draft of this paper@mmented on it afllows: "You may be
unaware of Baxter &unker (2001)and the pioneering Piaget-relawdrk of physicists Arons
and Karplus (Fuller 2002)." Thus I include those references.
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APPENDIX: Definitions
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Concrete operational. Capable ofprocessing informatiothat can be physically manipulated

and experienced.

Constructivist. Refers tothe philosophy that supportsthe process of a studerdctively
constructing knowledge in personally meaningful ways.

Disequilibrium. When a child encounters a situatittvat s/he hashever experiencebiefore,

and/or his/her old ways of thinking are challenged, the child enters into a state of disequilibrium, or
a state of intellectual conflict.

Formal operational. “Meaning is given to theseoncepts not througthe sensesut through
imagination or through logical relationships within the system.” (Lawson, 1975,p.348)

Interactive engagement methodsOperationally defined as “those designed at least in part to
promote conceptual understanding through interactive engagement of students in heads-on
(always) and hand-on (usually) activities which yield immediate feedback through discussion with
peers and/or instructors”, as opposed to "relying primarily on passive-student lectures, recipe labs,
and algorithmic-problem exams” (Hake, 1998a,b).

Manipulative approach. The manipulations ohumbers and variables through a specified
process or set of rules. Usually used in conjunction withlgorithm and differing from &ands-

on approach where objectsften referred to as manipulatives, argeed tomake the experience
more concrete in nature.

Mathematical modeling. The systematic development ofathematicalreasoningabilities
through recognition of patterns betweemmericaldata, graphicalrelationships, equations, and
evaluation technigues that require use of mathematics as a language to establish relationships.
Metacognitive. Thinking about thinking.

Reasoning pattern.An identifiable and reproducible thought process directed at a type of task.
Rote. Learning strictly through abstract memorization.

Solved.Giving the right answer justified by the right interpretation.

Traditionalism. The type of learning philosophy that has been the norm for 100 years.
Whiteboarding. The process of using hand held marker boards to present solutions that are to be
verbally justified by the presenter in addition to serving as a platform for classroom discourse.
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