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Abstract

Proportional reasoning the ability to compareatios or theability to make statements of
equality betweematios. JearPiagetconsidergshe ability toreason proportionally to be a primary
indicator of formal operationahought,and this stage is viewed #® highestevel of cognitive
development. Proportional reasoning is taught primarilymathematicscourses,but student
success in secondary science is highly dependent on proportional reasoning ability.

The focus of this empirical study was to compiaaglitional mathinstruction to instruction
that is consistent with the Modeling Methodptfysics instruction and findings from proportional
reasoning research. Twenty-one ninth grade students in the agnatnpireceived traditionamath
instruction while 21 studentseceived the treatment. A proportion@asoning test instrument
representing a wide variety of contextual factwes developed from item&und inthe literature.
An independent two-tail t-test was completeith the pretest angosttestdatafor both groups as
well as between the net gdinom pretest to posttesbr eachgroup. The treatmenproved to be
highly significant, p<.01, indicating th#tte treatment developed thecessary reasoning required
for greater success on the proportional reasoning instrument. The succedseatitienisuggests
a viable modefor mathematics instructiothat could lead to greateuccess in secondasgience
as well as facilitate formal operational thought.

I. INTRODUCTION

The Third International Math and Science Study (TIMMS) produced stadétegonU.S.
students’ achievement in math and science. Results shbated' grade US students rank below
the international average in math and just above in sci@&®€D, 1997),and 12" gradephysics
students rank lowest in the world. | anteacher of chemistry anghysics at a high school where
the majority of students taking these subjectstypically in the to25%-50% oftheir graduating
class,but | haveobservedevidence thamany student$éack not only the skills necessary for
success in upper level science courses but more importantly the foundation of reasoning necessary
to apply those skills under appropriate conditidnsan only imagine how poorly student#o do
not attempt these courses would perform. This observagerddnce makes it easy tmderstand
the overall student population's lack of success on international studies.

In addition, these observatiohave led me to believe that the current curricullgsign
and methods of instruction used science andmathematicscoursesare not appropriate for
developing formal thoughprocessesEducationshould produce students wimot only have a
high level of literacy but also are capable of reasoning at the formal oper&igialAppendix A
is a list of definitions for this and other technical terms.)

It would benefit studentachievement on internationatudies and in post-secondary
education, as well as develop highly functioning contributosotety, if instructional methods
and curriculum design developed the student’s mind to operate at the lewalaln my office, |
keep a quote fronthe TIMSS reportthat states “No single vision fomathematicsand science
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education exists in the United States” (ASCD, 1997, p. 1). It ibeligf thateducators mugtke
this quote to heart, becaubere is no better way of developihgher levels of thought processes
than through mathand science. Only through a unifiegpproach canmath andsciencefacilitate
development of formakasoningfor all studentslt is notthat sciencenstructorsblame the math
instructors and vice versa; rather, ithe lack ofthis unified visionthat stifles theprocessMany
aspects of scienaequire use ofmath skills, and many math skills could be developetfom a
scientific approach. A curriculurthat encompasses a unified vision foath andsciencemay be
the solution to producing greater numbers of students who operate on the formal operational level.

The current educationalystem doesn’attempt toassurecognitive development to the
formal level. Students can simply slip through the cracks without being accountable for mastering a
variety of skills and reasoning techniquekie implementation of atandards and benchmarks
approach to curriculum design &tempting to alleviatéhis issue, but its current state simply
mirrors pre-existing curriculum design. Even with a standards and benchpadachmath and
science exist as separate entities within educatiosttutions. This problem occursfor many
reasons: the research to support a unified effort is not reaching educators or it is ignored; educators
are not provided with time toollaborate; currentassessment methods do retealenoughabout
individual students’ cognitivebilities; appropriate learningasksare not matchedwith cognitive
development; longitudinal sequencidges noffacilitate mastery of conceptand skills overtime;
and teacher training in assessing individual students and appropriate instruction is lacking.

Despite these problems, efforts exist that addiesseissues.Math and sciencerograms
do exist that provide professional development in appropriate medimodd atdeveloping formal
operational thought. One is the Modeling Method of Instruction in high sgihysics,developed
by Dr. Malcolm Wells(now deceased) at Marcos De Nigggh School in Tempe, Arizona, from
the modeling theory ophysics instruction oDr. David Hestenes a#rizona StateUniversity
(Hestenes, 1987). Modeling Instruction has been highly successful in correcting misconceptions in
students’ thought with concepts in phystbat areconsidered to be formal in natuf@ells,
Hestenes, & Swackhamer, 1999he methodrequires students to confront misconceptions in
their thinking by employing conceptual todteat enablestudents tadentify better alternatives. It
uses a constructivist approach to develop qualitative and quantitative thinking tools (models), and it
makes extensiveise of studentliscourse.Modeling Instruction is arinteractive engagement
method (Hake, 1998a) with an explicit focus on developing conceptual and mathematical models of
physical phenomena. learned Modeling Instruction in a three-week intensiverkshop in
summer 1999.

Some of these professiondévelopmeniprograms, such aslodeling Instruction, have
been designed with cognitive developmentrimd, although most ofthem focus on asingle
course,contentarea, orrange of graddevels. In order to develop students’ cognitivabilities
fully, acomprehensiv@rogram in math andciencemust be irplacethroughout theduration of
students’ education.This program must ensure appropriate assessment of student ability,
systematically develop cognitive ability with a wide variety of usdills, and require application
of those skills until mastery has taken place. This vision will nachieved until practitioners are
fully educated in cognitive development, assessment, and research.

As a step in this direction, | attempt in this empirical study to identify an instructiwus!
for proportional reasoning that helps facilitate formal operational thinking in addition to meeting the
needs of math and science instruction. Proportional reasoning is the ability to compare ratios or the
ability to make statements of equality betweatios. JearPiagetconsidersthe ability toreason
proportionally to be a primary indicator of formal operatidhalught,and this stage is viewed as
the highestevel of cognitive development (Tourniaire Rulos, 1975)Proportional reasoning is
taught primarily in mathematicsourses,but student success in secondagience is highly
dependent on proportional reasoning ability. For example, Krajcik and H288Y)analyzed the
American ChemicaSociety Examand foundthat over 50% ofthe test involvedasks requiring
proportional reasoning. This implies tipgbportional reasoning is the primary reasoning construct
required for success in chemisagd complete development is crudiad achieving understanding
of the many formal concepts associatath the content. Akatugba andwWallace (1999) contend



thatalmost every concept in physics requires a proficient understandipgpdrtional reasoning,
and students who are not capable will have difficulty mastering these concepts.

For those who wish tdearn deeply, | providetheoreticalbackground on research in
scientific reasoning skills, teaching of proportional reasoning, and the Modeling Method of physics
instruction (Wells etl, 1995; Hestenes, 1997) in ancompanying articléMcLaughlin, 2003),
obtainable at <http://modeling.asu.edu/modeling-HS.htmI> or by e-mailing me.

II. THE INSTRUCTIONAL STUDY

The purpose of this study was to determine if strategied inModeling Instruction,combined
with findings from research in proportionaéasoning,are more successful at developing
proportional reasoning than traditional methods used in mathematics instruction.

A. Sample

Forty-two freshmen (9 grade)Math | (first year algebra) studentsarticipated in this
study. They camefrom a population of approximately 90 freshmstndentsenrolled inMath 1.
The study wasconducted inNorwalk, lowa, ahomogeneous suburbatommunity with a
population of about 6000 people.

The experimentagroup consisted of a singMath | classthat had no identified special
needs students. The class met from 1:45 to 2:30 PM each day throughout the treatment; it consisted
of eleven males and females. The experimagr@lip received instructiothatwas consistenivith
the Modeling Method of teachinghysics, and it considered implicationfor instruction from
proportional reasoning research.

The controlgroup consisted ofleven females and ten males randomly seleftted the
three Math | classes not receiving the treatment. The carvaps’ instructiontime ranged from
12:05 to 1:40 PM or 2:35 to 3:20 PM. These students were randomly selected, tadhensaree
numbers of each gender andetoninate thepossibility of comparing the experimentgaioup to a
single classthat was specified for inclusion with a high number oidentified special needs
students. The control group received instruction consistent with traditional math instruction.

B. Experimental design

The study began on Januarl, 2002and concluded on February 2002. The study
began with a baseline pretest developed frexample proportional reasoning taskthat |
discovered in the literature. The proportiorgsoning taskmcluded qualitativeand quantitative
measures, including a variety of context variables, integer and non-itasgerand familiar and
unfamiliar situations. This testas administered aftestudents hadbeen instructed traditionally in
ratios andrates,and it was given to all studentsreceivingMath | instruction. Appendix B is a
revision of the instrument.

Two weeks of instruction werallotted for completion of a proportionaleasoningunit.
The instructorfor all Math | students up tdhat time in theyear taught the contrgroups in a
manner that isconsistent withtraditional mathinstruction. The experimentalgroup received
instruction from Mr. Shannon McLaughlin, who uses Modeling Instruction in high school physics
and is familiar with research on proportional reasoning.

The experimentagjroup’s instructionwas consistent with &onstructivist approach and
modeling methods,and it incorporatedguggestions irthe literaturefor improving proportional
reasoning. Students werever prescribed a failsafe algorithm to obtawiutions. Instead,
mathematicaimodeling wagdone: mathematicakeasoning abilitieswere systematically developed
through recognition ofpatternsbetweennumerical datagraphical relationships, equations, and
evaluationtechniqueghat requireuse ofmathematics as a language éstablish relationships.
Students were given tasks that required use of prior ratio knowleddecditated recognition and
development of patternthat arenecessary for success on proportional reasotasgs. The
experimentalgroup’sinstruction included fewer problems but requistddents to showll steps
in the process used tobtain asolution, written justification, and oral presentation followed by



verbal justification during student discourse. Instruction included hands-on problems in addition to
tasks requiringfamiliarization with scientific concepts requiring application of proportional
reasoning.

The study concluded with completion dhe same proportionaéasoning instrumentsed
for the baseline pretest, and @agerimentagroup completed a written evaluation of the methods
for qualitative feedback.

C. Details of experiment

Instructional methods to develop specific models neced$sarynderstanding in physics
were used, awell assuggestionsaken fromthe literature on instructing proportionaasoning.

The following description of the activities and instruction provide a clearer picture of how the study
was conducted over a two week period aray serve as amitial starting pointfor further study
concerning development of structuresimdentsproportional reasoning capabilities. Appendix C

is most in-class assignments.

It is important to clarify that many of the instructiomaéthods were new tstudents. The
instructor had tdeach theprocess of whiteboarding to studentsvasl as attempt to stimulate
discussion in a class whetteey traditionally ardocused only on aumerical output; thgbroved
difficult. In addition, students were natcustomed to not being prescribed an algorithm, having
to showall steps oftheir work including units, and clarifying or justifying theisolutions. (A
description of the modeling cycle in physics instruction and clarification aethewhiteboarding
can be found on the modeling web site for physics instruction, <http://modeling.asu.edu/modeling-
HS.html>.)

Prior tothe study, the students had concludeduait on rates throughraditional math
instruction. It was eviderthat manystudents had trouble withe concept of rates at the start of
the study; and some students had difficulty with the idea of fractions themselves. It is important to
note that this study is not attempting to point the fingenathinstructors;it is inherentlyfocused
on whatcan bedone inmath instruction to furthedevelopmath concepts sdhat studentshave
well developed models dbrmal thinking operationsto prepare thenfor advanced math and
science concepts.

The first day of the study consisted of a pretest and a prohderattempted to develop the
concept of equivalent ratios. A simple problem was provittezstudents were givework time,
and group solutions weidaced onwhiteboards. The example problemwas similar to this: If a
grocer sells three apples to every four oranges, how many apples would theegpeceito sell if
X number of oranges were sold? Students were also required tottsmlpeoblem given the
number of orangesold. This was done for aariety of different scenarios including large and
small numerical values but oniytegervalues. In the concluding whiteboardisgssion different
groups wergequired to provide the differesblutions,andfacilitateddiscussion focused on the
aspect of equivalence as well as the various methods of reasoning used to produce each solution.

The second problem set consisted of more complex problems using the idea of equivalence.
An exampleis: A building companyhasbeen requested to build between 35 and 45 apartments.
Each timethey build three 1-bedroom apartments they must baild two-bedroomapartments
and one three-bedroom apartmem’hat totalnumber of apartments must they build and how
many of each type will there be? The idea that thheremore than ongossible solutiorseemed
to amaze students. Solutions ranged from drawing columns of boxes in sets of 3, 4ntéhd 1
they hit a range of 35 td5, todoing complexnumericalguessand checks. Other problems
consisted of dividing pizza evenly amongst boys and girls as wellaslatingunknown sides of
boxes that were proportional to each other.

The third assignmemonsisted of solving even mowmplex problemghat involved
integer and non-integealues. Aunique requirement of the assignmevrds that students were
required to complete the following in order while doing the assignment.

1) Make a prediction for the missing value of more, less, or equal for each problem.

2) Determine a solution to the problem.

3) Explain your solution or show your work; put labels on your numbers and show all steps.
4) Prove your solution by setting up ratios and comparing them to each other.



A variety of problems were given, balt employed some significasuggestions from the
literature. All problems were word problems, and onknaall number of problemsere given to
ensurethat thefocus ofthe assignmenivas onmeeting the aboveequirementsMeeting these
requirements provided a wealth of discussion during the whiteboarding session.

The fourth assignment consisted of a drawing on a piece of graph lagdrawing was
of a triangle with a base of four ancheight of fiveboxes or unitsThe trianglewas extended to
produce 4 proportionate triangles within the largest triapgd@ided. Avariety of questions and
applicationquestionsaccompanied thgraph paper. Hownany triangles dgou see? Explain in
words how you wouldlescribe the triangle to someorbo could not seét. How are the base
and height of the triangle related to each otheise the idea of equivalenttios to prove whether
or notall triangles aresimilar. Can yoipredict thebase and height of a fifth and sixitengle?
Predict the height of a triangleith a base of 2 unitdhow about3.2 units? Other non-integer
problems were posed, atfte following applicationproblem. Using what yobhave learned from
this worksheetdevise a procedure faletermining the height of a building in femtdinches. If
the building's shadow is 25 ft. long, and your shadow is 3’6", what is the height of the building?

These four assignments took 7 days. The remathregdays were spent doing hands-on
applications of the idea of equivalemtios and proportionaleasoning. The primary activities
were usingmarked beans (tagged deer) and unmarked beans (the tbst déer population) to
predict deer population in farest. The other activitiegonsisted of graphing laear relationship
and using a torque balance, to get at the idea of an inverse propditibough therewas limited
time todeploy these activities arapplications, many connections wenade betweewhere and
when proportionsare used, how proportionare related to lineagraphs,and how an inverse
proportion is different from a direct proportion.

D. Quantitative assessment
Student scores atfie pretesserved as a baseline, and posttest scores were used as the
basis for statistical analysis of thetudy. Anindependent t test with an alpleel set at.05 was
used to determine significance of the study; and students' normalized gains were calculated.
Solutions tothe proportionaleasoning task wereategorized according to thellowing
scoring system.
0 = incorrect response to the task
1 = correct response by guessing or with no justification through showing of work or explanation
2 = correct response with one component of explanation or manipulations that occur by chance
3 = correct response with a prescribed algorithm or correct solution with incomplete explanation
4 = correct solution or the correct response along with the correct justification (interpretation)



1. RESULTS

A. Descriptive data

All statistical datawere computedusing Microsoft® Excel 95, copyright© 1995 from
Microsoft® Corporation.

Table 1displaysall datafor pretest and posttestores forthe control andexperimental
group onthe proportionateasoning instrumenthe difference column indicates the net gain or
loss ontheinstrument, whilethe bottomrow indicates the meafor eachcolumn. Amaximum
score of 48 was possible for correct solutions on the proportional reasoning instrument.

Table 1. Prete st and Posttest Data for Contol and Experim ental Groups

Control ID# |C Pe- TestCPost -Test Difference E xperi mental ID# EPe- TestE Post-TestD ifference
cF03 22 24 200 eF43 25 24 -1
cF37 14 6 - 8.00 eF96 28 33 5
cF117 10 12 200 eF88 22 22 0
cF111 18 18 000 eF83 13 21 8
cF04 21 24 300 eF79 31 37 6
cF112 24 26 200 eF70 25 35 10
cF119 8 11 300 eF65 26 35 9
cF86 23 19 - 4.00 eF98 21 20 -1
cF130 11 11 000 eF08 16 29 13
cF107 37 34 - 3.00 eF38 18 27 9
cF12 9 16 7.00 eF34 28 34 6
cM 129 13 11 -2.00 eM 25 16 28 12
cM 39 13 9 -4.00 eM 26 33 32 -1
cM 02 32 31 -1.00 eM 62 15 40 25
cM 94 29 28 -1.00 eM 75 26 42 16
cM 61 12 14 2.00 eM 100 8 16 8
cM 67 31 32 1.00 eM 102 17 23 6
cM 42 19 29 10.00 eM 41 21 39 18
cM 105 13 18 5.00 eM 27 23 21 -2
cM 73 18 13 -5.00 eM 19 6 12 6
cM 33 7 21 14.00 eM 113 15 32 17
M eans 18.3 19.4 11 20. 6 28.7 8.0



B. Inferential statistics
Table 2 displays results of an independent two-tail t-tesh@controlgroup's pretest and
posttest scores.

Table 2:Contol Prees tsPostt  est
t-Ted: Two- Sample Assuning UnegqualVar iances
Variable 1 Variable2

Me an 18.28571 19. 38095
Variance 73.7 1429 70.04762
Obsewations 21 21
Hypothes zed Me an 0
df 40
t Stat 9. 4186

P (T<=t) one-tail 0. 338875
t Cri calone- &i l 1. 683852
P (T<=t) tvo- tail 0.6 7775
t Cri caltw o-tall 2. 021075

Results in table 2 (p=.68) indicate no significant effect on the proportional reasoning instrument for
traditional mathinstruction,p>.05. The chance of a type omeror (SectionlV) is very unlikely
based on literature implications concerning traditional math instruction.

Table 3displaysthe results of an independent two-tail t-tést the experimentagiroup’s
pretest and posttest scores.

Table 3: Expeimen tal Pretestvs Posttes t
t-Test: Two-Sample Assum ing Urequal Va riances
Variable 1Varia ble 2

M ean 20.61905 | 28.66 667
Variance 51.54 762 68.23 333
O bsavations 21 21
Hypothesized Mean | 0
df 39
t Stat -3 .36964
P(T<=t) on e-tail 0.0 00853
t Criticd one-tail 1.6 84875
P(T<=t) two -talil 0.0 01706
t Criticd two -tail 2.0 22689

Results inTable 3(p<.002) indicate ahighly significant effect on the proportione¢éasoning
instrument for the experimentaigroup. The chance of a type lérror (SectionlV) seems
improbable. Provemodeling methodology along withse ofinstructional considerations in the
literature probably enhanced proportional reasoning abilities.

Table 4shows results of amdependent two-tail t-tegor the difference between pretest
and posttest scores for the control and experimental groups.



Table 4: Control vs Exper men tal Ne t Gain
t-Test: Two-Sample Assum ing Unequal V ariances
Vaiab le 1Varia ble 2

M ean 19.38095 28.66 667
Variance 70.04762 68.23 333
O bsavations 21 21
Hypotheszed Me an [ 0
df 40
t Stat -3.61863
P(T<=t) o ne-tail 0.00 0411
t Criticd one-tail 1.68 3852
P(T<=t) two -tail 0.00 0822
t Criticd two -tail 2.02 1075

Results inTable 4 (p=.0008)indicate ahighly significant difference between ngains on the
proportional reasoning instrument for the control and experimgrdalps, p<.001The chance of

a type Il error isunlikely, consideringhat every aspect concerning instructional implications can
be accounted for, in addition to using proven methods of instruction.

Another way of analyzing the data that is particulanyseful for determining student
learning is to calculate the normalized gain. Since a maximum scorevedsipossible focorrect
solutions on the proportional reasoning instrument, one may calculate:

<g> (test group) = (<post> - <pre>)/ (48 - <pre>
=(28.7- 20.6)/ (48 - 20.6) = 0.295

<g> (control group) = (<post> - <pre>)/ (48 - <pre>
=(19.4- 18.3)/ (48 - 18.3) = 0.037

which can be compared with normalizgains forinteractive engagemerkg>>IE = 0.48+0.14
(std dev))zandraditional introductonyphysics instructiork<g>>T = 0.23+ 0.04 (stddev) (Hake
1998a,by.

C. Commentary

Although thegains using this two weeglan were significantlybetter than the control
group, it isimportant to note that thexperimenter's impression dfie students'proportional
reasoning capabilities was significantly below what it should be for students inyeérstlgebra
course,and that manystudents wouldencounter significant problems in an advansegknce
course if further developmentas not ensured through a matt@orough approach to proportional
reasoning. As stated in the literature, proportional reasoning develops over a long period of time,
typically rangingfrom months to years; therefore maetion research is needed in fhrctical
application of the large body of literature that concerns primarily the staglevelbpment and the
ages when these stages are present in students.

2 A complementary way to analyze data is by Cohen's "effect sig@iedvay to calculate it is to
find the normalized gain g for each individual student,stamdard deviationsd(t) andsd(c), and
g(ave-t) and g (ave-c) for the test and control groups, where g (ave) is the avetegadividual
student normalized gains. Then

d = [g(ave-t) - g (ave-c)] / [sd(t)*2 + sd(c)*2]™0.5.
For details and references dd" and Cohen'srules of thumb regardintheir significance, see
Hake (2002).



D. Nurturant results

Although this study produced significastatisticalresults,they might not beyeneralizable
to a larger population oftudents.Several variablesvorking for andagainst thedesign of this
study were out ofhe experimenter'scontrol; they arediscussed irSectionlV. But even if the
study were to be shown statistically insignificant in a more controlled experinsettialy,several
nurturant results became evident throughout the study.

The termnurturant is a psychologicérm that is derivedrom the naturevs. nurture
paradigm. Does nature tre nurturing of achild have more to do with their development? In a
teaching sense, instruction has nurturant effeEts. instancecooperative learningas nurturant
effects in thesensehat it provides students wittoles, individual accountability, a taskatcan't
be completed without teamwork, and it helps the students work on a specific social skill during the
lesson. These aspects are separate from the content being taught.

The most significant nurturant effects of this stumyolve thestudents.The constructivist
approach coupled with presentatia@efense,and justification of claims created a more student
centered learning environment. On post-instruction student evaluations, the experimental group had
many positive comments about this typeimdtruction. Most students wrotehat this approach
required them to thinkharder about theproblems, providing amore intellectually stimulating
environment.Many studentsindicated that therevas value in showing how solutionsvere
determined and in the diversity of approactssd todeterminesolutions. Studentmdicated that
these methodwould generate more interest in mathemates! produce bettarnderstanding of
concepts. It is alseevident from post-instruction evaluatiortisat studentsvalued hands-on
experiencesindicating that they are more intellectually stimulatengd produce a better learning
environment.

In relation to a better learning environment, if&tructor's observatioriadicate that more
opportunities forlearning takeplace. (This is observed both in this situation and also in the
instructor's use of the Modeling Method in physics.) Because problems were presented without an
algorithm, studentseemed to take morewnership inthe problemsolving processBecause
students were in disequilibrium during the problem solving process, they spertmedi@using
on reasoning to support their solutions. This maaemunication vital tesuccess. Studengpent
time showing howthey obtainedsolutions for problems andomparing theirsolutions toother
members in theigroup. The student interactioprovidedtime for students tdeachone another.
This is of value becausstudents whohave struggled through a problem will provide an
understandable explanation to a student whose understanding is |&¢kiey.theprocess is new
to the students offering explanationthey will not assumehat aspects of the problesolving
processareunderstood. Thigype of atmosphere requiredudents to benore accountable and
developed thesense of &earning communityOver time thestudentsdoecame moreonscious of
the problemsolving process antdlecame morekillful at evaluating theprocessesavailable to
determine thesolutions. This wasevident in Socratic questioning frothe students. At first
students were unaware of how to appropriaséaly a good question or how goint outerrors in
explanations with questions, but over time the students became more familiar with the process. The
focus on justifying solutions throughout the treatment seemed to aid in sfu@stibning asvell
as student confidence in problem solving ability. These faer@smportant aspects of becoming
critical thinking members of society as well as better achievers in math and stience.

3 Another significant nurturant result from a study such as this is that educators can benefit from
reviewing the literature in their content area. See, for example, the accompanying paper on
theoretical background. The literature on proportional reasoning provides a wealth of information
concerning its importance in cognitive development and its necessity for developing advanced math
and science reasoning abilities. The literature also provides valuable information on instructional
implications. Awareness and consideration of these concerns can serve as an impetus for change in
classroom instruction and curriculum design for proportional reasoning.



IV. STRENGTHS AND LIMITATIONS OF ASSESSMENT

A. Threats to validity

Several factors threaten external validity. The small sample sizia@ndf diversity in the
population are two factors that could not be controlled. The major threat to external vedislithe
duration of thestudy. The study wascompletedfor only oneunit of instruction occurring over a
two week time period.

There are a variety of threats to intermalidity, the most significanthreat being that two
different instructors were involved ithe study. Differences inpersonality, teaching style,
expectations, and familiarity with the students could play a major role in the outcomesufdje
Another major threat to validity is the tesstrument.Although the test itemsvere taken from
examples in the literature, wtas not face validatedor the specificpurpose of thisstudy. This
could expose aotentialbias forthe method of instructionsed inthe treatment. The chantsat
students hatbeen exposed to a proportionaléigorithm before the instruction began could have
an impact on internalalidity, as couldthe variance in times of instruction between the
experimental and control group students, ancgtheement in &lassroomallocatedfor inclusion.

In addition, transition students from other districts in gribupsand prior experiences imath
and science courses could be contributing factors.

B. Strengths of assessment: justification oferror rejection and other data
implications

A Type | error is a statisticaérm thatdescribes whether or ntite effects of the research
occured by chanceThe smaller the palue,the lesslikely that effects ar@ccurring by chance.
For instance,the control group basically showed nogain but the experimentajroup had
significantly greater gains, giving weight that this did not occur by chance.

A type Il error is atatistical term thatlescribes a situaticior which aneffect is statistically
significant but the researchers really don't think there was a gain. In my reseagtie hgainst
this case because | have sdea effect of Modelingnstruction in physics anthere isstrong
evidence for it. Secondly, the control group was a semnylar group of students iall categories.
If however,the experimentagroup was aegular class anthe controlgroup was 50%special
needs studentshen the chances of a typeeiror would bemuch more likely. Inthat case, |
would not feel confident in saying that the gains were strictly due to instruction.

The rejection of the type | errdor the pretest tgosttest analysis fdhe controlgroup is
evident in the literatur¢seethe accompanyingaper,availablefrom the author). The literature
indicates that traditional maihnstruction does notlevelop reasoning strategies. In addititheg
literature statesthat the teaching of theross product algorithm(i.e., cross-multiplying)actually
inhibits proportional reasoningbility. This can bejustified bythe small to negative gairfsom
pretest toposttest inthe controlgroup. In some cases these studeapplied an appropriate
reasoning strategy before instruction but the cross product algorithm approach was uséddwith
faith during theposttest. Studentsither set the algorithm up incorrectly or applied it in situations
where it was not applicable. Furthermore, studaotepted thsolution without even considering
what the solution should be with qualitative directional reasoning.

Another literature implication that supports rejection of the type | error for the cgningb
centers around socio-culturédctors. The traditional mathinstructor more than likely did not
emphasize the value of qualitative directiorsoning or justification ofolutions througtclear
explanations and alternative approaches.

Although thescoring system punished students who usedlgaorithmic approach, the
success of the experimental group cannot be attributed to this faet@s dietermined early in the
study that students inthe experimentalgroup hadbeen exposed tahe cross multiplication
algorithm in prior courses orearlier in the Math Icourse. Experimentalstudents using this
approach were punished accordance witlthe scoring system unless appropriate written
explanatiorwas providedndicating proper reasoning. A possibéxplanationfor why students
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using analgorithm in the experimentajroup hadmore success ighat theyused appropriate
directional reasoning first, ensuring they had set the algorithm up correctly.

Type Il errors forthe experimentagjroup can be rejectedbr a variety of reasons. The
students were presented with problems rathan approache8rst. This ensuredhat students
were actively engaged in the problewlving processvhile determiningsolutions. Studentaere
required to present these approadioeshe class to evaluate. This encouraged students to seek
alternativesolutions to build defense arglipport fortheir claims. This processelped build
cognitive frameworks for proportional reasoning through continuous evalualioa.students
were also encouraged tsequalitative directionateasoning before computation. Most problems
asked for aqualitative predictionbefore computation, more thdikely making this thinking
strategy part of their probleraolving repertoire. Finally, students the experimentalgroup
received morehands-on experiencebgelping make unfamiliasituations on theosttestmore
comfortable.

V. IMPLICATIONS FOR EFFECTIVE TEACHING AND LEARNING

The need for this study stemmed from awareness of student performance on the TIMMS by
students in the United States in addition to observations made throughout the teaching career of the
author. The literature described margspects of curriculum and instructidhat could be
underlying factors forthe observations and performances. This studgde use of many
recommendations fronthe literature concerning curriculum and instruction in proportional
reasoning and incorporatedem with Modeling Instruction, a successfuhodel for teaching
physics. The results of this study suggest modelingmethods in conjunction with instructional
implications fromthe proportionalreasoningliterature do in fact have a significant effect on
attaining proportionalreasoning ability. These instructional methods colddd to better
preparationfor secondaryscience courses, higher achievement on internationaxams, and
possibly serve as anstructional approachior developing formal operationdahinking. These
implications are important; and ifact many of these implication®r effective teaching and
learning are beneficial even if the results of the study were not significant.

The modeling methodssedplace anemphasis on higher order thinkisgills. Requiring
students to approach problems without prior instruction makes it necdssastudents to
incorporate prior knowledge and skill intiee problemsolving process. Studentsust beable to
search for patterns and reasoning constrties enable them to bsuccessful on problenthat
they have not encountered. This shiftsir focus away fronbeinganswer centered, sbey rely
on reasoning toevaluate theirprocess. The presentation and Socratguestioning during
whiteboarding requirghem to continually evaluatand modify their reasoningtrategy. This
evaluativeprocess allows students to find a stratéggt is typically thebest alternativefor a
solution.

The whiteboarding presentation also creates an atmosphere that is centered around learning.
After a minimum comfort level iestablished, students begin dppreciate the diversity and
cleverness with which they can determine solutions. Studentsleftienfrom incorrecsolutions,
and they develop a genuine respfkeet being able to recognizproblems with solutionsThis
provides students witthe experience of seeing incorrettategies, and it results aliminating
them from their repertoire ofpossible alternatives. If a solutiocannot be determinedhen
classroom discourse continuestil possible approacheme developed. This provides students
with confidence and helps validate correct solution strategies while prowdingwith the power
of learning at the same time.

Requiring students to focus dhe problemsolving process for classroopresentation
makes them more accountable for the reasoning and telatlsare to be developdldrough course
objectives. Students can no longer copy down answers from classmates or slide through the course
without their lack of learning being noticed by the instructor and their p&érstudents present at
one time or another, and because the focus is gortuess, atudent cannot simply statthis is
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what | got for an answer”. They must explain their process and jusgtifytheir solution isvalid.
This process is not fdrumiliation; it is simply putting thetudents in a position whetkey are
held accountable for what they are learning. Most students recognize this aspgbasgmamore
effort into understanding why a particular process or skill is necessary to produce a solution.

The process of whiteboarding also provides students @xdfierience in building defense
and support for their arguments. Since students must justify their solutions, they must construct an
argumentfor support throughhe particulareasoning strategghat they havechosen to obtain a
solution. Because they must support their argument, stualentauch more likely tshow all of
the work necessary to solve particular problem in addition to providing appropriate units and
labels for the numbers ithe problem. This allows students to usathematics as a language for
expressing their reasoning rather than view it as an isolated set of rules to get an answer.

The modeling methodalso develop skills inthe instructor. The presentation of student
solutions makestudentsthinking visible to theinstructor. This is compounded hige student
discourse that occurs in the room along with any presentdii@instructor becomegery aware
of how individual studentsare thinking, not only bythe presentations themselves but by the
guestions other students ask the presenters. The process allows the instructor to constantly monitor
wherethe studentsare atwith a particular skill or reasoningonstruct. In effect, instructors can
become their own diagnosticians. From student discotivsanstructor can determirvehat types
of problemscan be attempted next or determine if additigpgrablemsare needed to clarify the
skills and reasoning patterns that serve as thealiestativefor a particular problentontext. The
role of the instructor thefocuses on choosingppropriate learning activities, guiding students
through discourse, and evaluating when the next step in the learning process should take place.

The final implication is that hands-on experiences not only help with unfamiliar experiences
but also enhance learning experiences. The hands-on activities in this study provided a platform for
real problemsthat wererelated to proportionaleasoning. Using a hands-approachmade the
proportional reasoning teaching and learning construct more concrete in nature. The concrete nature
helped make the situations mdamgible. Thes¢angible situationserve as a foundatidhat can
be referred backo, whenevaluating a reasonirgjrategy, inaddition to providing opportunities
for students tdest andevaluate theiclaims. The ability to hypothesizand test claimgor these
situations proved to be valuable experiencéor studentsbecause it reinforced their reasoning
strategies or provided evidence that they did not work.

These implicationserve as a platforrfor true learning. Anyone canmimic a procedure
from an instructor and gain little froih Although it may behard to describe and conceiwrect
experience with modeling methods atite rich learning experiences that cowh it are
convincing that true learning is taking place.

VI. IMPLICATIONS FOR FUTURE RESEARCH

Proportional reasoning is said to betla¢ pinnacle of cognitive developmewith its
relation to formal operationahought. In additionproportional reasoning is recognized as a
fundamental reasoning construct necessarymathematicsand science achievement. Cognitive
development, methodologinstructional implications, and relationships to higaehievement in
math and science havall been considered in thistudy. Although this study hadsignificant
results, its short duration along with other factii® mayposethreats to validity produceshany
guestions.

1. Can usinghe Modeling Method of instructiowith suggestions from proportional
reasoning research produce long-term effé@s are evident in advancadyh school
science courses?

2. Can Modeling Instruction strategies combined with proportioeasoning research
results facilitate development of formal operational thinking?

3. What specific components of Modeling Instruction contribute to development of formal
operational thinking? Must modeling strategiesubed orare interactive engagement
methods (minds-on and usually hands-on, with immediate feedback) sufficient, without
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focusing on models and mathematical modeling?

4. Will Modeling Instruction (or interactive engagememtithout modeling strategies)
used with research findings in proportional reasoning prodiroéar effectswhen
sociocultural and socioeconomic factors are considered?

5. Can modeling methods or other varieties iteractive engagement help change
sociocultural factors that affect math and science instruction?

6. Can modeling methodology help develop a unified vifdomathematicsand science
in education?

7. Will students become more effective at thinking and reasoning if modeling methods are
employed consistently inmath and sciencethrough the duration of astudent's
education?

8. Whattypes of curriculum changesre necessary for consistent use miodeling
methodology in K-12 math and science?

Many other questions could arise as Modeling Instruction and other varietdsrative
engagement continue to develop and gaipport. It isalso necessary to considee continually
developing fields of cognitive science and research in proportieagbning. Asall these fields
develop, answers to these questions may emerge. Fim#leeing, it is necessary tespect the
complex nature of these factdhat affectstudent learning. Ithe goal of education is to develop
members of societwho function at a high thinking level, thehe ideas presented this paper
along with the questions raised may serve as an initial frame of reference for continuing research.
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APPENDIX A: definitions

Concrete operational. Capable ofprocessing informatiothat can be physically manipulated

and experienced.

Constructivist. Refers tothe philosophy that supportsthe process of a studerdctively
constructing knowledge in personally meaningful ways.

Disequilibrium. When a child encounters a situatittvat s/he hashever experiencetefore,

and/or his/her old ways of thinking are challenged, the child enters into a state of disequilibrium, or
a state of intellectual conflict.

Formal operational. “Meaning is given to theseoncepts not througthe sensesut through
imagination or through logical relationships within the system.” (Lawson, 1975,p.348)

Interactive engagement methodsOperationally defined as “those designed at least in part to
promote conceptual understanding through interactive engagement of students in heads-on
(always) and hand-on (usually) activities which yield immediate feedback through discussion with
peers and/or instructors”, as opposed to "relying primarily on passive-student lectures, recipe labs,
and algorithmic-problem exams” (Hake, 1998a,b).

Manipulative approach. The manipulations ohumbers and variables through a specified
process or set of rules. Usually used in conjunction withlgorithm and differing from &ands-

on approach where objectsften referred to as manipulatives, areed tomake the experience
more concrete in nature.

Mathematical modeling. The systematic development ofathematicalreasoningabilities
through recognition of patterns betweemmericaldata, graphicalrelationships, equations, and
evaluation technigues that require use of mathematics as a language to establish relationships.
Metacognitive. Thinking about thinking.

Reasoning pattern.An identifiable and reproducible thought process directed at a type of task.
Rote. Learning strictly through abstract memorization.

Solved.Giving the right answer justified by the right interpretation.

Traditionalism. The type of learning philosophy that has been the norm for 100 years.
Whiteboarding. The process of using hand held marker boards to present solutions that are to be
verbally justified by the presenter in addition to serving as a platform for classroom discourse.

14



APPENDIX B: Proportional Reasoning Diagnostic Test

A solution is considered correct only if it includes the correct explanation for how that answer was
obtained. Please show all work for obtaining your solution.

1. Cup A and cup B are both full of water. To cup A one spoonful of sugar was added, and to
cup B two spoonfuls of sugar were added. Which of the cups is sweeter, or is the sweetness in

both cups the same?
W
B

2. Cup A idfull of water. Cup B ifalf full of water. To cup A one spoonful of sugar was
added and to cup B one spoonful of sugar was added. Is one of the cups sweeter than the other, or

are they of the same sweetness?
B

Explain:
3. Cup A idull of water, and cup B isalf full of water. To cup A two spoonfuls of sugar were

added and to cup B one spoonful of sugar was added. Is one of these cups sweeter than the other,
or are they of the same sweetness?

Explain:

Explain:

\

S\

B

4. If today you mixesslemonade mix withmorewater than you did yesterday, your lemonade
drink will taste:

a. stronger b. weaker c. exactlythe same d. not enough information is provided.

Explain:
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5. You and your friend hammer a line of nails into different boards. You hammer more nails than
your friend. Your board is shorter than your friend’s. On which board are the nails hammered
closer together?

a. your board b. your friend’s board c. the nails are equally spaced. d. not enough
information is provided.

Explain:

7. You and your friend are using different road maps of a city. On your map a road 3 inches long
is really 15 miles long. On your friend’s map, a road 9 inches long is really 45 miles long. Who
is using a larger city map?

a.you b. your friend c. both maps are the same. d. not enough information is provided.

Explain:

6. You and your friend drove equally fast along a country road. It took you 6 minutes to drive 4
miles. How long did it take your friend to drive 6 miles? Show your reasoning and justify your
answer in words.

8. Box A has the following dimensions. Determine the length of box B in order to make it the
same shape.

12 inches

Box A 3inches Box B 5inches

Show your reasoning and justify your answer in words.
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9. You pour water into a wide cylinder up to the fourth mark (figure A). Then you transfer this
water into the narrow cylinder, and the water rises to the sixth mark (figure B).

N

)

A B C D

What if you started instead with water in the wide cylinder a6thenark (figure C); how high
would the water rise if you transferred it into the narrow cylinder (figure D)?

a. 7 b.8 c. 9 d. 10 e. other f. cannot predict

Explain, using math and words.

10. You pour water into a wide cylinder up to the 4th mark (figure A). You then transfer this
water into the narrow cylinder, and the water rises up to the 6th mark (figure B).

If instead you poured water into tharrow cylinder up to thel1th mark (figure C), how high
would the water rise if you transferred it into thiele cylinder (figure D)?

N\ N\

>
w
@)
O

a. 5-1/3 b. 5-2/3 c¢. 7-1/3 d. 7-1/2 e. 8 f. 8-1/2 g. 9 h. other i. cannot predict

Explain, using math and words.
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11. A balance beam has two hanging weights. You hang a 10-unit weight 7 marks from the
center, on the right.

10 units
5 units

Where would you hang the 5-unit weight on the left side, to make the beam balance?
a. betweenmarks3&4 b. mark7 c. mark12 d. mark 14 e. attheend

Explain, using math and words.

12. A balance beam with two different weights is now used. You hang a 15-unit weight 4 marks
from the center, on the right.

15 units

10 units

Where would you hang a 10-unit weight on the left, to balance the beam?

a. mark5 b. mark6 c. betweenmarks6&7 d. mark7 e. mark8 f. mark 9
g. mark 15

Explain, using math and words.
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APPENDIX C: classroom assignments

Proportional reasoning assignment Ii

1. A building company has been requested to build between 35 and 45 apartments. Each time they
build three 1-bedroom apartments, they must bioldr 2-bedroom apartments, aowe 3-

bedroom apartment. What total number of apartments must they build, and how many of each type
of apartment will there be?

2. Seven girls have three pizzas, and three boys have one pizza. Who gets to eat more pizza: each
boy or each girl?

3. Calculate the unknown width of the rectangle in order to make it look the same shape, only
larger.

8 ft 12 ft

6 ft

Proportional reasoning assignment IlI:

Answer the following questions by completing the following for each.

a. Make a prediction for the missing value of more, less, or equal for each of the problems.
b. Determine a solution to the problem.

c. Explain your solution or show your work. Put labels on your numbers and show all steps.
d. Prove your solution by setting up ratios and comparing them to each other.

1. Afarmer has 12 hens. They lay a combination of white and brown eggs. For every 9 white
eggs there are 3 brown eggs. How many brown eggs should the farmer expect, if the average
number of eggs laid each day is 1447

2. The cost of a TV commercial is $100,000 for every 30 seconds. How much should a company
expect to pay for a 45 second commercial?

3. A baseball team won 15 of its first 23 games. How many games would you expect them to win
in a 112 game season if they perform at the same level?

4. If it takes 3 painters 8 hours to paint a house, how much time would you expect 7 painters to
paint a house of similar size? Assume the painters work at about the same rate each.

5. If a 15-inch pizza costs $10.99, how much would you expect to pay for a 5-inch personal pan
pizza, assuming the restaurant uses the same pricing strategy for all pizzas?
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Proportional reasoning assignment IV: (Put all solutions on the back)

1. Look at the graph below. How many triangles do you see? Explain your choice.

/

e

For the following questions we will be looking at the base and the height of the triangle(s). They
are the two sides that form the 90-degree angle with each other. Consider each square’s height and
width on the graph to represent one unit of length.

2. How are the two sides of the triangles(s) related to each other? Explain your reasoning, and if
there is more than one way, please explain all methods.

3. Can you predict the length of the sides for a fifth and sixth triangle if they were drawn on the
paper? Report the base and height, and explain how you figured it out.

4. Use ratios to prove whether or not all of the triangles are of equivalent proportions, and
explain.

5. If the base of a triangle is 1.5 units, what would the height be? Explain how you figured it out.
6. What would the height of a triangle be, if the base were 22.5 units? Explain your reasoning.

7. Use the reasoning that you used to solve the above problems to solve the following problem.

Suppose you are 5.5 feet tall. You are trying to predict the height of a building. You cannot

directly measure the height of the building but you are standing in its shadow. You measure the

length of the building’s shadow and find that it is 25 feet long. Your shadow is 3.5 feet tall.

a. Diagram the situation and show where you would have to stand and how the shadows would be
arranged in order to make the problem similar to the ones you did above.

b. Use the information given and the process learned above to determine the height of the building
in feet. Explain how you got your answer.
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